A simple formula for computing the generalized Hubbell radiation rectangular source integral
Introduction
In their pioneering work, Hubbell et al. (1960) obtained a series expansion for the calculation of radiation field generated by a plane isotropic rectangular source (plaque), in which the leading term is the integral
here σ is the uniform surface source strength per unit source area. In equation (1) the quantities a = w/h and b = l/h are defined in the range 0 < a ≤ b ≤ ∞, where h is the height over the a corner of a plaque of length l and width w. For the important applications of this integral in many problems in radiation field, different methods were introduced to obtain numerical values of detector response to plaque source
For some of these methods we refer to the work of Glasser, 1984 Although h(a, b) is not expressible in simple closed form, Glasser (1984) has evaluated it in terms of Appell's hypergeometric function F 2 (see for example Slater (1966) , Ch. 8, for a study of Appell functions F q , q = 1, 2, 3, 4). Indeed, elementary differentiation of (2), with respect to a, we have
and straightforward substitutions x = a √ u and y = b √ v allow as to write (3) 
Various generalizations of equation (1) 
where γ > β > 0; a, b, p > 0; −1 < λ < 2a − 1; and 2 F 1 (α, β; γ; x) is Gauss hypergeometric function (Slater, 1966 , Ch. 1). We notice that
by virtue of the identity (Slater, 1966 ; formula 1.5.11)
By selecting suitable values for the parameters α, β and γ, equation (5) can be reduced to different integrals with potential applications in radiation-field problems of specific configurations of source, barrier and detector (Kalla, 1993) . Such results are also useful in illumination and heat-exchange engineering Boast, 1942; Fano et al., 1959; Hubbell, 1960 . Using a simple transformation,
equation (5) can be written as
which is easily compared with the single-integral representation of the Appell hypergeometric function F 2 (Opps et al., 2005, formula (2.6)) to yields
Recently, Opps et al. (2009) establish a number of new recursion formulas for the Appell hypergeometric functions F 2 wherein some applications to the evaluation of some generalized radiation field integrals were discussed. The purpose of the present work is to continue our investigation of finding closed form and approximation formulas for effectively computing the radiation field integrals such as equations (1) and (5). In the next section, we develop a new approximation formula to evaluate precisely and to any desire degree of accuracy the generalized Hubbell radiation rectangular source integral (9) . In section 3, numerical results and comparisons with previously reported values are presented.
2 The computation of F 2 (α; β,
May be one of the most important cases regarding the computations of the radiation field integrals that capture the interest of many researchers is evaluating the integral Eq. (1) Theorem 1: For |x| + |y| < 1; n ≥ 0; σ, α 1 , α 2 ∈ C; β 1 , β 2 ∈ C\Z − 0 , the Appell hypergeometric function F 2 satisfies the following identity
Writing F 2 (α; β,
p ) and apply the recurrence relation (10), we obtain
By means of the identity (Slater, 1960 ; formula 8.3.1.3)
we may now write Eq.(11) as
Further, we may now regard F 2 (α+1; β, λ+3 2 ; γ,
p ) and apply the recurrence relation (10) again to obtain
After similar n − 2 steps, we arrive at
where (α) k denotes the Pochhammer symbol defined, in terms of Gamma functions, by
here N being the set of positive integers.
In principle, the computation of F 2 (α + n + 1; β, ; γ,
p ) follows the same technique and consequently, for large n
From which we now have for large n,
since the two-terms asymptotic expansion of the Appell hypergeometric function F 2 developed by López and Pagola (2008) indicate that for large n, the Appell hypergeometric function
on the right-hand side of Eq.(15) approach zero.
Numerical results and discussion
In order to test our approximation formula (17) and to show that it indeed simplify much of the numerical complexity involved in calculating the radiation field integrals such as (1) and (5), we compare, first, our approximation formula against the exact equation obtained earlier in computing (83)), namely, for σ = 1,
and
In Table 1 , we reported our computation using equations (18) and (19) for different values of a, b and p, the calculations were performed using MATHEMATICA software version 7. It should be clear that any discrepancies may appear are due to the numerical accuracy used in computing the Gauss hypergeometric functions. In Table 2 , we compared our calculated values with those obtained by Guseinov and Memedov (2005) and with those obtained by . It should be clear that equation (17) can be used for arbitrary values of the parameters a, b, p and it is not restricted to any particular range of parameter values.
In Table 3 , we report our numerical computation of the Hubbell rectangular source integral (1) for σ = p = 1 as well for some other values of p using equation (17) , or simply H a, b, p, 0 1,
In the same table, we also compared our results with the earlier numerical values obtained of Guseinov and Mademov (2005) and . It is worth noting an important feature of the approximation formula (17) is that it is self-adjusting; that is, if
where ǫ is the desire accuracy then n should be increased to reach the required accuracy. Here, H n refer to the right-hand side of equation (17) .
